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This paper deals with the optimal solution of the Petrovsky-elliptic system /u = /,
where / is of homogeneous order ¢ and fe H'(£2). Of particular interest is the
strength of finite element information (FEI) of degree &, as well as the quality of the
finite element method (FEM) using this information. We show that the FEM is
quasi-optimal iff A =r+1— 1. Suppose this inequality is violated; is the lack of
optimality in the FEM due to the information that it uses, or is it because the FEM
makes inefficient use of its information? We show that the latter is the case. The
FEI is always quasi-optimal information. That is, the spline algorithm using FEI is
always a quasi-optimal algorithm. In addition, we show that the asymptotic penalty
for using the FEM when £ 1s too small (rather than the spline algorithm which uses
the same finite element information as the FEI is unbounded. ¢ 1985 Academic Press,

Inc

1. INTRODUCTION

This paper is a theoretical study of the optimal solution of systems of
linear partial differential equations which are elliptic in the sense of
Petrovsky [1, 12, 15]. A number of examples of such problems are
described in [15]; these include the Cauchy-Riemann equaticns for
Poisson’s equation in the plane, as well as problems of fluid flow and
elasticity. (The concept of elliptic system is defined in Section 2.)

Since one of the most commonly used methods for solving such
problems is the finite element method (FEM), see [2-5, 11, 157, we wish
to determine conditions under which the FEM is quasi-optimal (i.e.,
optimal to within a constant factor).

In order to make the notion of optimality more precise, we use the infor-
mation-centered approach of [13]. The main idea is that an algorithm for
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70 ARTHUR G. WERSCHULZ

solving this problem can only use information of finite cardinality (sce Sec-
tion 3 for definitions of these terms). Hence. there is inhcrent uncertainty
when attempting to solve these infinite-dimensional problems using infor-
mation of finite cardinality. From this. we are able to determine tight
bounds on the nth munimal cerror (ic. the minimal error among all
algorithms using information of cardinality at most n).

In Section 4. we show that the FEM is quasi-optimal if and only if

Kkzr+1- |, (1.1}

where A 1s the degree of the finite ¢lement subspace, ¢ is the order of the
elliptic system. and the problem elements f are (a priori) uniformly boun-
ded in the H'(2)-norm (so that r measures the regularity of the class of
problem clements). Thus, the degree of the FEM must increase with the
regularity of the class of problem clements. if the FEM is to remain quasi-
optimal.

Suppose the inequality (L.1) is violated. Is the non-optimality of the
FEM inherent in the finite element information (FEI) it uses. or is it due to
the fact that it uses the FEI inefficiently? We show that the latter is the
case: regardless of whether (1.1} holds. FEI 15 quasi-optimal information.
That is. the “spline algorithm™ using the FEI 1s quasi-optimal.

In Section 5, we discuss the &-complexity of the problem, ie., the com-
plexity of finding approximations which differ by at most ¢ from the true
solution. The FEM is a quasi-optimal-complexity algorithm iff (1.1) holds;
i (1.1} 1s violated. the asymptotic penalty for using the FEM is unbounded.
However. the spline algorithm using the FEI (which, again, is the same
information that is used by the FEM) is v/iways a quasi-optimal-complexity
algorithm. regardless of whether (1.1) holds.

2. THr Evrrirric BOUNDARY-VALUE PROBEM

In this scction, we define (homogencous) cllipticity. in the sense of
Petrovsky. We quote “shift theorems,”™ which allow a priori estimation of
derivatives of the solution in terms of the derivatives of the data. We usc
standard notations for (R“-valucd) Sobolev spaces, inncr product, ctc.
found in [7] (but extended to include functions whose values are in R™Y).
Fractional- and negative-order Sobolev spaces are defined via Hilbert space
interpolation and duality, respectively (see [4, 6. 11] for details). Since for
simplicity we only deal with real systems, we use the notation of [1] when
describing ellipticity, even though the shift theorems are taken from [12].
For purposes of cxposition. we assume that the coefficients of the system
and the boundary of the region over which the problem is to be solved
are (7.
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Let 2 =R” be a bounded C™ region. Define the differential operator

I(X, a) = [lij(xs 8)]1&1’.,1‘&11’

with ¢, denoting the partial derivative in the /th direction, where (using the
standard multi-index notation found in, e.g., [7]) we set

[i/'(x~ &:) = Z (]Z(\‘) S:“;
liel = ¢
here the coefficients a// e C*(Q) and r is a non-negative integer. Let
I(x, &)= ) al(x)e"
Il =1

denote the principal part of ;. We assume that [ is elliptic, 1.c.,
L(x, &) :=det[/%x, &)]#0  Vxe,Vnon-zero e RY.

We now wish to specify a boundary operator. For xeé€Q, let v, and 7.
denote unit normalized tangent vectors to €2 at x, and set

L(m)=L(x,t . +nv,) VneC.

L. is a polynomial of degree Nt in the complex variable 5, which (by ellip-
ticity) has no real roots; since the coefficients of L are real, there is a non-
negative integer m such that Nr=deg L . =2m. Hence we may factor

Ln)y=LIn)L (n),

where the zeros of L} (respectively, of L) have positive (respectively,
negative) real part, and deg L.} =deg L . =m. Then we define a boundary
operator

b(.\', (ﬁ) = [blj(x* (1)] lsi=ml<jsN

by
DINHEIN
Il <
where r ... r, are positive integers and the coefficients b% are infinitely dif-
ferentiable.

Let the principal part b, of b, be defined by

h() : Z bu Y) )Cu

[i = r,

63045 1-6
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Let L*(x, ¢) denote the cofactor of /9 (x, &) in the matrix [/2(x, &) ], o, . v
For x e ¢ and complex #, let

(‘\(,]): [(‘1/('\“ ’])J] RSN A T

with
clx, n) Z PO, T gy ) LR T ),

The boundary operator b is complementary to [ if the row vectors of the
matrix .. considered as polynomials in the complex variable y, are
linearly independent relative to the modulus of L ().

We say that [ and 4 are elliptic on Q if I is elliptic and b is complemen-
tary to L For =0, let H*(¢) denote the completion (with respect to the
Sobolev norm [i-]|,) of the set of infinitely differentiable functions u such
that hu =10 on Q2. We then have the following “shift theorem,” taken from

[2]:

LemMMa 2.1, If [ and b are elliptic on Q, then for any r =0, there exists
o= 1 such that

a ", < lul, ., <o, Yue H " '(0).
In order to proceed, we must consider the formal adjoint It of I given by

/ Y (1 [[1/ RN W)JIVSI‘./“?.\‘
with

[F(x, Chufx)= Z (”“(a}’f(.\')u/(.\‘)).

lpl =1

Integrating by parts, one may define an adjoint boundary operator b
such that

(lu, v)y= (., [ Y o), Yue H'(),Yoe H'(O) ',

where for s >0, H*(¢)" denotes the |- | ,-completion of the set of infinitely
differential functions v such that » v =0 on ¢Q.

In the remainder of this paper, we assume that / and b are elliptic on Q,
as well as /* and b (Roitberg and Seftel [12] give a normality condition
on b such that ellipticity of / and » on @Q implies that of /* and "))

We then have the following result from [127:

LEMMA 2.2, Let r=0. There is a constant 6 = | such that the following
hold:
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(1) For any fe H'(Q), there exists ue H *'(¢) such that

lu=fin Q, hu=0 on Q.

with
o 'A< ul, o <allfi,
(it)  For any ge H' (). there exists te H ' '(¢) " such that
["r=ginQ, hTe=0 on 602,
with

o gl <l ., <algl,.

We are now finally ready to state the problem to be studied in this
paper. Given r =0, define a solution operator

ST H'(Q) = H'($)
by letting u = Sf satisfy
lu=f1n Q, hu=0 on ¢Q.

Using Lemma 2.2, we see that S is a bounded injection with range
H ''(¢)< H'(¢). By the Rellich-Kondrasov theorem [7, p. [14], S is an
isomorphism or compact, according to whether =0 or r > 0.

3. INFORMATION AND ALGORITHMS

In this section, we recall results from [13] concerning optimal
algorithms and information, as applied to the problem of solving an elliptic
system.

Recall that we are trying to approximate Sf for arbitrary fe H'(Q),
where S: H'(Q) —» H'(¢) is the solution operator defined above and r = 0.
Most methods for solving this problem use a finite number of linear
functionals on f when approximating Sf. For instance, such methods may
evaluate f at a finite number of points in Q, or the inner product of fwith a
finite number of predetermined functions. In fact, even when a closed form
expression for f is available, most methods do not explicitly use this
expression; they only use the values of a finite number of linear functionals
at /- Hence, we assume that we only know the values of a finite number of
linear functionals for each problem element /. That is, we are given infor-
mation .4 of cardinality n =card(.4"), which is a linear surjection

ATH(2Y - R
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Such information .4" is then used by an algorithm ¢, which is a mapping
@: R" > H'(7); the class of such algorithms using .4 is denoted &(.4").
Note that we allow any mapping to be an algorithm.

Given information . 4" and an algorithm ¢ e @(.47), the quality of the
approximations produced by ¢ is measured by its error

e(w):§u§H§T-me17)Hw

where the set F of problem elements is taken to be the unit ball of H'(R2)
F=BH(Q):={feH(Q)|f], <1}

and 0 <s <t (In what follows, BH will always denote the unit ball of a

Hilbert space H.)
We are interested in algorithms using given information whose error is
as small as possible. Let

e(. 1) =infle(p) ped(. )]

denote the optimal error of algorithms using . +". An algorithm ¢* e &(. 1)
is an optimal error algorithm using . 4 if

elp*)=e(. 1)
Expressions for the optimal error and an optimal error algorithm are given
by the following result from [13, Chap. 4]:

LemMa 3.1, (i) The optimal error is given by
e(.¥)=sup{|Shil,: he Fnker .4 }.
(1) Let
NS =LA 2] Ve H(Q),

where  Aq,.., A, H'(Q)—> R are linearly independent bounded linear

functionals. Let {f,..,[f,} be a basis for the orthogonal complement

(ker .A47)* of ker A" in H'(R2) such that A(f,)=0,. Then the spline algorithm
P (N f)=2 A S,

j=1
is an optimal error algorithm using A"

Note that although we allow any mapping to be an algorithm, a linear
optimal error algorithm always exists.
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Now that we know how to find an optimal error algorithm for any infor-
mation, we now seek optimal information of given cardinality. Let

e(n)=inf{e(.4"): card A" <n}

denote the nth minimal error. Information .4"¥ of cardinality at most » is
said to be nth optimal information if

e{. A" ¥y=e(n).
An algorithm ¢} using information of cardinality at most n for which
e(oy)=e(n)

is said to be an nth minimal error algorithm.

We now determine nth minimal error, optimal information, and a
minimal error algorithm. Recall that for a balanced convex subset X of a
Hilbert space H, the (Kolmogorov) n-width of X in H is given by

d (X, Hy=inl sup inf |x—hl| .
Hy, xe X hell,

the infimum being over all subspaces H, of H whose dimension does not
exceed n. We then have the following result from [13. Chaps. 2 and 37:

LEMMA 3.2. (i) The nth minimal error is given by
e(n)=d,(SF, H'(0)).

(it) If r+t=s (which can happen if and only if r =0 and s=t). then
there exists g, >0 such that
lim e(n)=g¢,.
(i) Ifr+1>s, let E: H(d)— H*(O) be the inclusion operator, so that
ES is compact. Let {e;} | be an orthonormal basis of H'(82) consisting of
eigenvectors of K= (ESY* (ES), with

Ke;= 7 Y€

Lziz2.>0 with lim 4,=0.

jo o=

Then

L’(n) :\/)“r1+ 1
the information

N xf=ULe), (el YV eH(Q)
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is nth optimal information, and

PHATN=Y (fie), Se,  VfeH(Q)

j-1
is an nth minimal error algorithm.

The first statement in this lemma gives the nth minimal error as a
Kolmogorov n-width. The second implies that there is no algorithm whose
error is less than ¢, if r+7=ys The third tells us that if r+7>ys, then
lim, , , e(n)=0.

Although we have explicit formulas for optimal information and
algorithms, as well as minimal error algorithms, these may be difficult to
determine in practice, since they require knowledge of S at the eigenvectors
of K. For this reason, we will be willing to settle for quasi-optimality [141],
Le., optimality to within a constant which is independent of the cardinality
of the information; quasi-minimal error algorithms are defined analogously.
As a benchmark for establishing quasi-optimality, we now establish an
estimate of e(#) using techniques of [16]. The result 1s phrased in terms of
Knuth’s big-theta notation [{0]:

THEOREM 3.1. e(n)=6Gn """ "Yyusn-—> x.
Proof. For 0> 0, let
X(0)=0BH *'(0)="ue H ""(0): Jul,,, <0
Lemma 2.1 yields
X(o "YS SF< X(a).
Since for any >0,
d(X(0), H(2))=0d (X(1), H'(®)),

the first statement in Lemma 3.2 yields that

] e(n)
<
Td(BH T(C), HN(O))

a < 0.

Using [2, Theorem 2.5.17 and the results of [8], we have
d(BH""'(), H'(¢)) = O(d (BHNQ). L,(2))"" *)=60(n "7 "),

completing the proof. |}
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4. OPTIMALITY OF FINITE ELEMENTS FOR ELLIPTIC SYSTEMS

In this section, we define the (least-squares) finite element information
(FET) of degree k and the (least-squares) finite-element method (FEM)
using FEI. We show that the FEM is a quasi-minimal error algorithm iff
k=zr+1—1, while the FEI is always quasi-optimal information. We use
the notation and terminology of [4, 7. 11].

Let k be a non-negative integer. Let .7, be a triangulation of £ and let ¥,
be an n-dimensional subspace of H'(¢) consisting of functions which are
piecewise polynomial of degree k£ with respect to the triangulation 7. (Of
course, there is a problem in that such functions cannot in general satisfy
the boundary conditions; this may be handled by using curved elements
[8] or isoparametric clements [7] on the boundary, or by using the
techniques found in [S, 15].) We assume that the family {7} | is quasi-
uniform [ 11, p. 2721

In what follows, we assume that

k=22t—1—xs (4.1)

See [ 10, Remark 4.1] for further discussion.

We recall the definition of the least-squares finite element method [5] as
applied to systems [2, 3, 157]. Let f'e H'(Q). For each positive integer n, we
seek an approximation u, € ¥, to u such that

H/i lunll() = min { Hf‘ /UHH(): Uy, € /‘1 } s
1e., u, v, satisfies
(lun* /l"n)() = (/s lvu)() vUn € 1»1

Letting {w,,..., w,} denote a basis for ¥,, define the (least-squares) finite
element information (FEI) .4, by

NS =L wi)o (i w,)]1" Ve H(Q).

Then the (least-squares) finite element method (FEM) @, € &(.4,,) is given
by
QD,,(«V"‘",‘, /) = Ll,, .
Since the basis functions are linearly independent and / is injective, it is
easy to sec that ¢, is a well-defined linear algorithm using .4,
We now compute the error of the FEM.
THEOREM 4.1. Let

pu=min(k+1—1r).
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Then

e(p,)=0(n " "Ny ay on—
and so {@,} 7, is a sequence of quasi-minimal error algorithms iff
kzr+i1—1. (4.2)

Proof.  We first show the lower bound for the error. If (4.2) holds, then
u=r, and so Theorem 3.1 yields

elg,)=e(n)=0(n »' Y as H— o

We now suppose (4.2) does not hold, so that u=4k+1--¢ Using an
N-dimensional version of the proof of [16, Theorem 527 there exists a
non-zero function u*e H 7'(¢), a positive constant C, and a positive
integer n,, such that

inf Jlu*—rc,l,=Cn 7 R Vo zn,.

thed g

5

Since u* is non-zero, /u* is also non-zero. Let f*=/u*/||lu*|,. Then
| £*I,=1, so that f*e F. Since ¢, is linear with range 7,, the previous
estimate yields that

()(QDII) = HSf* - ‘p/l(' ‘n/*)“ = ”ll* - q)n(‘ t/‘alu*)”»

],

=z——— inf ‘lu*m- r ”\>— 4 NEN
T, e LAV

completing the proof of the lower bound.
We now establish the upper bound. Let f € F. By (4.1) and (4.2), there
exists C >0, independent of f, such that (setting u = Sf)

lu—u,ll, <Cn W0 Yy, Ynz 1.

{See [15, Chap. 8] for the case r=1, and the references cited therein for
the case of arbitrary 7.) Hence Lemma 2.2 yields

1S/ =@ 4 I = =, < Cn 00 2 ull, < Can 000 MY 1

Since f € F is arbitrary, we have

()((pn) g Con s \’ﬂ

completing the proof of the first part of the theorem.
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The remainder of the theorem now follows from the first part and from
Theorem 3.1. |

Hence the FEM is (roughly) a minimal error algorithm iff (4.2) holds.
Suppose (4.2) is violated. We show that the non-optimality of the FEM is
due to the fact that it uses the FEI inefficiently, rather than being inherent
in the FEI itself.

We first establish two intermediate results.

LeEMMmA 4.1.  There exists o = 1 such rhat
Il <olwl, Ywe H'(¢).

Proof. 1If r=0, this follows from Lemma 2.1. Once the result is shown
for r =1, it then holds for 0 <r <t by Hilbert space interpolation [6] of the
results for the cases r=0 and r=1r So, we assume r > without loss of
generality. Let we H'(¢). For any ve Cj(Q2), we may use Lemma 2.1 (with
r replaced by the non-negative real number r —¢) to see that

(e e)lg=[0w, o)l < w1 el <awl, el
Hence

e, v
|lw] ,=sup {(—rf—)”‘ reCr(Q2)v #0} <alwl, ,.
vll,

as required. |
LeEmMa 4.2. For ge Cr(R2), let ve C*(Q) be the solution of
[Tv=gin Q, h*v=0 on 0Q. (4.3)
Then there is a constant ¢ = 1, independent of g and w, such that
lell, (<oalgl .
Proof. By (ii) of Lemma 2.2 (with r =0), we find
el <oliglo. (44)
We next claim that
lollo<olgl s (4.5)
indeed, (i) of Lemma 2.2 yields

o elellSel, < ellg = 1USe, vl = 1(Sv, g)o| < IStl, gl .,
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which implies (4.5). The result now follows by Hilbert space interpolation
of (4.4) and (4.5). |

We now show that FEI is quasi-optimal, regardless of whether (4.2)
holds. Let ¢ denote the spline algorithm using the FEI .4, (see
Lemma 3.1).

THEOREM 4.2. c(p)=c(.1,)=0n """ "“yasn— 7.

Proof.  The first equaity follows from Lemma 3.1. We now establish the
second. For the lower bound, note that card ., =n, and so

ety zen) =0 Y as - r
We now estabish the upper bound. Let € Fker. t,, so that
(z, le,)y=0 Ve, e,
and
Lzl <t

Let g€ C (2) be non-zero, and choose re O () satisfying (4.3). Then for
any v,e f,, we have
Sz ghol = 1Sz L Yol = 1= e)at = 1z [Se — 1))l
< |[(Se—v)) <o |St—uv,

mirooy

by Lemma 4.1. Since (4.1) holds, standard approximation-theoretic results
[4. 7] imply that there exists a positive constant ' (independent of z, g, v,
and n) and v, €/, such that

1St —vc,l, ,<Cn "0 t [.Sty s,
But (i) of Lemma 2.2 and Lemma 4.2 imply that
1Sels, (<olel, <ol

Combining the three previous inequalitics, we see that there is (another)
positive constant € (independent of -, g, and n) such that

Sz, gl <Cn vt Y Y gy

Since g is an arbitrary element of €. we have

I(st g)()\ .

‘\S:H\.:sup% e, g;éo}gcn IR
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Taking the supremum over all ze Fnker .4,, we have
€(» 1;]‘1) S Cﬂ (r+1- %) N”

completing the proof of the theorem. ||

5. COMPLEXITY ANALYSIS

In this section, we discuss the complexity of finding ¢-approximations to
the solution of the elliptic system, as well as the penalty for using the FEM
when k<r—1+r.

Let ¢ >0. An algorithm ¢ e @(.1") produces an ¢-approximation if

elp) <e

The complexity, comp(p), of an algorithm @ e ®(.1") 1s defined via the
model of computation discussed in [13, Chap. 5]. (Informally, we assume
that any linear functional can be evaluated with finite cost ¢,, and that the
cost of an arithmetic operation 1s unity.) It then turns out that if .+  has
cardinality n, then

comp(e)=nc, +n—1 Voed(. 1), (5.1)
while if ¢ is linear, then
comp({p)<ne, +2n—1; (5.2)

see [13, Chap. 5, Section 2] for details. We then define, for ¢> 0, the
e-complexity of the problem to be

COMP(¢) =inf{comp(@): e(p)<e].
If ¢* is an algorithm for which
elp*)<e and comp{p*)=COMP(¢),

then ¢* is said to be an optimal complexity algorithm for g-approximation
of the problem.

Remark 5.1. Note the distinction between algorithmic complexity,
which is the cost of using a particular algorithm to solve the problem to
within a tolerance of ¢, and problem complexity, which is the inherent cost
of solving the problem to within ¢. ||

Remark 5.2. Not surprisingly, it is difficult to determine optimal com-
plexity algorithms. We will generally be willing to settle for optimality to
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within a constant factor, independent of ¢ Hence, we say that a family
{@¥}.., of algorithms has quasi-minimal complexity for the problem if
e(p¥)<e for all sufficiently small ¢> 0
and
comp(@¥)=O(COMP(¢)) as ¢—0. |

Recall that ¢, denotes the finite element method of degree k& using the
finite element information ..+, based on the finite element subspace ¥,, and
that ¢’ denotes the spline algorithm using this information. We let

FEM(¢) :=inf{comp(¢,): e(¢,) <&}
denote the algorithmic complexity of the FEM, and let
SPLINE(¢) :=inf{comp(¢}): e(p’) <& |
denote the algorithmic complexity of the spline algorithm using the FEI.
Using the results of Section 4, (5.1), and (5.2), we have
THEOREM S.1.  The problem complexity is
COMP(g)=0O(c V' as ¢ —0.
The algorithmic complexity of the spline algorithm is
SPLINE(¢)=6@(¢ Y711 ) as ¢ —0.
The algorithmic complexity of the finite element method is
FEM(g)=@(c Mt o) as & -0,
where p=min(k + 1 —1, r).

Hence, we may draw the following conclusions:

THEOREM 5.2, (1) The spline algorithm using the FEI is quasi-optimal.
(i) The FEM is quasi-optimal iff k> 1+ 1 —r.
(i11) Let
FEM(e)

Penle) = = oMPe)

denote the penalty for using the FEM instead of a quasi-optimal algorithm
using the same information. If k <t —1+r, then

pen(e) = O(1/*) as ¢—0,
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where

. 1 1 r—u
A= — = >
k+1—s r+1—s5 (k+1=5)r+t—ys)

and so

lim pen(e) = .
=0
Thus there is an infinite asymptotic penalty (as ¢ — 0) for using the FEM
when k <¢—1+r, rater than the spline algorithm which uses the same
information as does the FEM.

Remark 5.3. One of the assumptions in the model of computation used
in [13] is that computation of any linear functional 1s allowed, and has
finite cost ¢,. This holds if pre-conditioning is allowed. That is, given an
algorithm, any computations which are independent of the problem
element /' may be done in advance, and their cost is not counted when
determining the complexity of that algorithm. In particular, this means that
when measuring the complexity of the FEM, we do not count the cost of
factoring the coefficient matrix which appears when the algorithm is
reduced to the solution of a linear system of equations. (This is because the
coefficient matrix is independent of the problem element f) In many
situations, this is not a realistic assumption. In such cases, the FEM is no
longer quasi-optimal from the viewpoint of minimizing complexity (even
when k=1 —1+r). It is perhaps possible that multi-grid techniques may be
used to transform the FEM into a method which has quasi-optimal com-
plexity in situations where pre-conditioning is not allowed. However, no
matter what model of computation is used, the quasi-minimal error proper-
ties described in Section 4 still hold, since they are independent of any par-
ticular model of computation. |}
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